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Abstract: This study presents an efficient computational approach for
solving nonlinear systems of fractional-order differential equations,
specifically applied to a fish farm model involving three interacting
components: nutrients, fish, and mussels. The proposed method combines
the Laplace transform with the Adomian decomposition technique (LADM)
to approximate solutions for the Caputo fractional-order system. The
Laplace transform helps simplify the differential equations into an algebraic
form, while the Adomian decomposition method handles the nonlinear
terms systematically. The effectiveness of the LADM is demonstrated
through an illustrative example, showcasing its accuracy and applicability in
analysing complex ecological systems. This approach provides a powerful
tool for researchers studying fractional-order biological and environmental
models.
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1. Introduction

We consider the following fish farm model [3, 9, 20] with three components:
nutrient, fish and mussel

dn dF
i w—(a+sF+€M)n,E— —(y + AF — ¢n)F,
d
d—ﬂ: = - —unM, (1)

with the initial conditions n(0) = n, F(0) = F,M(0) = M.

Here, the densities of nutrient, fish, w, o, ¢ and & stand for the
and mussel population biomass at maximum nutrient absorption rate
time t are denoted as n(t), F(t), and of the mussel population, the
M(t), respectively. The parameters external food  outflow or
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sedimentation rate of nutrients,
and the fish population's nutrient
uptake rate, respectively. When
the amount of external food
increases, the fish population is
unable to absorb it, resulting in a
eutrophic fish farm. It significantly
affects the ecosystem's
functioning. The mortality rate,
intraspecific competition, and
nutrient fraction contributing to
fish biomass are denoted by v, A,
and ¢, respectively.
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In this case, v and p represent the
mussel mortality rate and
conversion efficiency, respectively.
As a result, the mussels may
readily eat the external food that is
not incorporated into the fish
biomass when it arrives in the form
of particle organic matter [8, 9]. In
this work, we included the Caputo
fractional order derivative in this
model (1) in the following way:

D*n=w— (0 +¢eF +EM)n,D*2F = —(y + AF — ¢n)F,

DM = —(v — un)M,
with the initial conditions 7(0) =
n,F(0)=F M(0)=M. Here

n(t), F(t) and M(t)are the densities
of nutrient, fish, and mussel

0<ag,az a0, <1

(2)
population biomass at time t,
respectively. Moreover, the
parameters
w,0,&¢&,y, A ¢,u,anduare the

same as mentioned above.

2. The Laplace Adomian Decomposition Method

Laplace transforms and the
Adomian Decomposition Method
(ADM) [1, 2] are combined to
create the Laplace Adomian
Decomposition Method (LADM).
Khuri was the first to introduce
this technique [12, 13]. Numerous
nonlinear differential equation

Diayi(t) = fi(t, y1 (), y2(E), ..

with initial conditions:
yi(0) =y,

where D5 denotes the Caputo
fractional derivative of order o;,
and f; are nonlinear functions of
time t and the dependent variables.

Step 1: Apply Laplace Transform

systems have been solved using
LADM, a promising technique [6, 7,
10, 11, 15, 17, 18]. In the Caputo

sense, we examine a set of
nonlinear fractional-order
differential equations of the

following form:

SY@N0<e; <1,i=12,...,n

16

Taking the Laplace transform of
both sides of the equation, and
using the property of the Caputo
derivative:
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L{D{a;y; ()} = s%iL{y;(£)} — s%1y;(0)
We obtain:
s9Y;(s) — 5%y = L{fi(6,31(0), 2 (0, -, ya (D)}

Solving for Y;(s):

1 1
V() = 2%+ s LU 0,32(0 - 3n(0)

Step 2: Adomian Decomposition

We assume the solution can be decomposed as:
y® = D yu®
k=0

and the nonlinear term is decomposed into Adomian polynomials:

where Ajx are constructed using:

Ay = = » W[ﬁ(u; y1k<t)>,kzo Y@ Y ynk(t»] A
= = atA=0

Step 3: Recursive Scheme

Using inverse Laplace transform, we construct the recursive relation:
L1
Yik+1(6) =L st L{Ay}t, k=0

Step 4: Construct the Approximate Solution

The solution is approximated by truncating the infinite series after a few
terms: yi(t) = ZI;XZO yik(t)

The next theorem proves the convergence of the analysis of the
Laplace-Adomian decomposition method for nonlinear integro-differential
equations [21-23].

Theorem:1 (Convergence of LADM). Consider the nonlinear integro-
differential equation (IDE):

Lu(x) + Ru(x) + Nu(x) = g(x), x€][0,T],

ar . : N
where: - L = —oniS the highest-order derivative operator,
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- Ris alinear operator (differential or integral),

- N is a nonlinear operator,
- g(x) is a given source term.
Assume the following:

1. Function Space: Let (B =
(C[0,T], |l - llo) be the Banach
space of continuous functions on
[0,T] equipped with the sup-norm.

2. Lipschitz Conditions:

- The linear operator R satisfies
IRu — Rv||o < Kg|lu — v]|ofor
some Kz > 0.

- The nonlinear operator N

admits Adomian polynomials {4}

1

ug =L7! [s_” (Z st u0(0) + L[Q])

k=0

such that (||[Nu — Nv||, < Ky|lu —
V||) for some K_N > 0.

3. Laplace Transform Bound:
There exists C > 0 such that:

L ] e < -l

4. Contraction Condition: The
constants satisfy a:= C(Ky +
Ky) < 1.

Then, the LADM solution u(x) =
Yo Ur(x), constructed via the
recursive scheme:

’ Uk+1

converges uniformly to the unique

solution (u ) of the IDE. Moreover,
the error estimate: ||[u* — uy||o <

k
10i_a ”ul - uO”oo;hOIdS for all k> 0

_ 1 [L[Ruk + Ak]]’

Proof: Step 1: Reformulation as a
Fixed-Point Problem

Apply the Laplace transform to the
IDE:

L[Lu] + L[Ru] + L[Nu] = L[g].

Using the derivative property L[Lu] = s"L[u] — Y73

obtain:

1
L[u] =

k=0

Define the solution operator @: B - B by:

sF=14®)(0), we

o (2 st R=14 & (0) + L[g] — L[Ru + Nu]).
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ou = ug — L1 [L[Ru + Nu]],
SN

where u,is the initial approximation.

Step 2: Contraction Property

For any u,v € B,the difference ®u — ®v satisfies:

LIR(u—v)+ (Nu — Nv)]]
sn '

du— v =-L1

Taking norms and applying the Lipschitz conditions:

|Pu — PV||ee < CIR(U — V)|l + [INu — NV||oo) < C(Kg + Kp)llu — v||os
= a”u_v”oo-

Since a < 1, ® is a contraction of B.

Step 3: Banach Fixed-Point Theorem

By the Banach fixed-point iterative  scheme ug,.; = Puy
theorem, ohas a unique fixed point converges uniformly to u*,with the
ou* € Bsatisfying ou* = u*, which error bound:
is the solution to the IDE. The
k
= tlloo < 7 llus = tollen

Step 4: Uniform Convergence of the Series

The LADM series u(x) = Xp=o Ur(x)is equivalent to the sequence of
iterates {u;}, whose convergence is guaranteed by the fixed-point theorem.

3. Application of Methodology

The main aim of this section is to technique consists first of applying
discuss the Laplace Adomian Laplace transformation (denoted
Decomposition Method for solving throughout this paper by L) to both

of fish farm model (2). The sides of (2); hence
L{D%n} = L{w — (0 + eF + {M)n}, L{D*2F} = L{—(y + AF — ¢n)F},
L{D*M} = L{—(v — un)M}, (3)

Applying the formulas for Laplace transforms, we obtain

19
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s*L{n} = s (1(0))
N % — oL{n} + eL{Fn} + SL{Mn}s*2L{F} — s*>~*(F (0))
= —yL{F} — AL{F?} + ¢pL{nF},
s LM} — s%~1(M(0)) = —vL{M} + uL{nM}, (4)

Using the initial conditions of the mathematical model (2), the above
equations can be reduced to

n
L0} = = + g — e L) — o L) — o LOMLEF)

F oy A o, P
M

N

L{M}==— %3 L{M} + S% L{nM}. (5)

Now, Applying the concept of Adomian Polynomial, we get,

n
L} = S+ g 2 L) — o L{A) — o L{BJLLF)

B E 14 A d)
== - UFY - L{c)+ - L{4),
L{M} == — - L{M} + 4 L{B}, ©

where, A = Fn,B = Mn,andC = F2. The Laplace transform decomposition
method consists next of representing the solution as an infinite series,
namely

n) =% NuF®O =3, FandM® =37, M, (7)

where the terms 7, F, andM;are to be recursively computed. Also, the
nonlinear operators 4, BandCare decomposed as follows:

Ao = FonoAy = Fom + FinoAz = Fonz + Finy + Fon
Az = Fonz + Finp + Fong + Fang (8)
By =Mon B, =Myn, + Mn,B, = Mon, + Min, + M1,
Bz = Mons + Myn; + Many + Mang 9)
Co = Fy’C, = 2FyF,C, = 2FyF, + Fy*
Cs = 2FyF; + 2F,F, (10)
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Substituting (9) and (10) into (7), we get

5

k=0

k=0 k=0
F p N
:?—S%L{Z Fk}_STzL{z gk}+;%L{z ék}'
k=0 k=0 k=0
LYw-o Mp}==- EL{Zk o M} t e L{Zk o B}

(11)
Matching the two sides of (11) yields the following iterative algorithm:
n W o € &
L{ne} = ? + WL{UJ = - _L{Tlo} — _L{Ao} — _L{BO}L{UZ}
== _L{771} - _L{A1} - _L{El} L{nis}
- 71L{77k} - 571L{4k} - STlL{Qk}

Next,

F v (N JAPAN
—;‘STZLZ Fi ‘STZLZ Lk

k=0 k=0

> F
+ L [Z Ak}' L{Fo} =, L{F,}

k=0
14 A ¢
= <o LFo} — S7ZL{£0} + STZL{AO}' L{Fz}

y A
= _STZL{F]'} - STZL{QL} + S%L{él}' o L{Fi 1}
Y A (0]

and
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L Z Mk =?—573L z Mk +
k=0 k=0
v 2

= _ST3L{MO}+ST3L{§O}L

v 2
= - LM} + - L{B.}..

s%s
v u
=~ sa LM} + ST3L{§k}

This provides the recurrence formula
Fy, F, Fy, F3,...., and My, My, My, Ms,.. ..

4. Approximation Solution

In this section, we apply the LADM
to the fish farm model. Here

n(o):ﬁzl,F(o)zﬁzland

M (0)=M =lfor the three-

component model, and we set

£=02, $=08,1=04, y=0.1, u=15,
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N M
SLL{Z Qk}L{Mo} = =1(m)

k=0
{M,}

L{Mye 41}

to estimate the 7,,71,72,7M3,...

£=01,0=03,0=04,0=025  [20]
few first approximations for X(t),
Y(t) and Z(t) are calculated and

presented below: According to
LADM, we obtain

The approximate solutions forn(t), F(t),and M(t) are given by the series:

10=2 00, FO=2F0, M©O=YM,0.

Now the first approximation is obtained by using the initial conditions:

0.25¢
() =1+—,
I'(e, +1)
Fo(t) = 13
M, (1) =1.

Hence the Adomian polynomials are

0.25t%

Ay =Fmo=1+———<B
Ao oo T(a;+ 1)2

= Mono

The second approximation is obtained as

22

0.25t%

+t———C=F’=1
Ma, +1)=° " "°
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t% 0.25¢2%1
t) = —0.6 F,(t
(10 <F(oc1 D) T TQa ¥ 1))’ 1(®)
t%2 t%2 0.25t%1ta2
=—05——+0.8 + M, (t
I'(a, +1) (r(az +1) T'(ay+a,+ 1)) 1(0)

t%s t%s 0.25¢t%1+%s
=—-04——+15 + .
I'az +1) <F(a3 +1) I'(ag+az+ 1))

Hence the series approximate solution is given by
M0(t) =no(t) + M () +.
S S ( vy (11

r(a,+1) [(a;+1) | Ta;+1)

F(t) = Fo(t) + Fy (D) +. -

=1-05-"_408(——+ e )+ (12)

F(a2+1) F((Zz‘l'l) F(O.’1+0.’2+1)

My (t) = My(t) + M;(t)

=1-04——+ 15 £, D25t )+ (13)

F(a3+1) F(a3+1) F(a1+a3+1)

23
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Figure: 1 Progress of n (t) the densities of nutrient for different fractional orders

Figure: 2 Progress of F (t) the densities of fish population for different fractional orders
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Variation of M(t) with a,

Variation of (t), F(t), and M(t) with &
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Figure: 3 Progress of M (t) the densities of Muscles population for different fractional orders

Variation of n(t), F(t), and M(t) with &
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Figure 4 Progression of densities of nutrient 1(7) fish population F(t) and mussel biomass

M (?) at time t for Mixed fractional orders 0.9 < aq,ap,03 < 1.
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1000 — Variation of #(t), F(t), and M(t) with o
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Figure: 5 Progression of densities of nutrient 1(7) fish population ¥ (t ) and mussel biomass

M (¢) at time t for Mixed fractional orders 0.8 < a4, a@,, a3 < 0.9

4. Result: This study investigates a fractional-order fish farm model involving three
interacting components: nutrients (n), fish (F), and mussels (0t), governed by a
system of fractional differential equations. The model accounts for nutrient uptake,
competition, and ecological interactions, providing a more generalized framework
than classical integer-order models.

Effect of w on Nutrient Dynamics n(t)

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
Time t

Figure 6: Effect w of on Nutrient Dynamics for the fractional order ¢; = a; = a3 = 0.8
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Effect of 4 on Fish Dynamics F(t)

1

0.8

0.6

0.4
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F(t)

0
0.2
0.4
-0.6
0.8 “‘mw\wmw

-1 | ‘ I

0 0.5 1 1.5 2 25 3 3.5
Time t

Figure 7: Effect y of on Fish Dynamics for the fractional order a; = @, = a3 = 0.8

35 Effect of v on Mussel Dynamics M(t)

M(t)

Time t

0 0.5 1 1.5 2 2.5 3 3.5

Figure 8: Effect v of on Mussel Dynamics for the fractional order ¢; = @, = a3 = 0.8

The Laplace-Adomian Decomposition
Method (LADM) effectively
approximates the solutions, revealing
the impact of  fractional-order .
parameters (o4, 0 O3) on system
dynamics. The key observations include:

e Nutrient Dynamics (n(t)): The
external food input (w) and
nutrient uptake rates (o, g &)
influence the availability of

27

nutrients. Higher w can lead to
eutrophication, altering
ecosystem stability.

Fish Population (FF(t)): The fish
biomass dynamics depend on
mortality (y), competition (A),
and nutrient assimilation ().
The results show that fractional
effects delay population
stabilization, capturing more
realistic growth patterns.


http://www.ijmmsa.com/

INTERNATIONAL JOURNAL OF

1IMMSA MODELLING, AND APPLICATIONS

e Mussel Population  (D(t)):
Mussels exhibit nonlinear growth
behaviour influenced by
mortality (v) and nutrient
conversion efficiency (p). The
fractional-order model provides a
more flexible representation of
population  persistence  and
environmental adaptation.

5. Conclusion: This study successfully

applies the Laplace-Adomian
Decomposition Method (LADM) to
solve a fractional-order fish farm
model, demonstrating the method's
efficiency in handling nonlinear
ecological systems. The results
confirm that fractional calculus offers
a more accurate and flexible
approach to modelling nutrient flow
and species interactions. The model
highlights the impact of external food
input, competition, and nutrient
conversion on ecosystem
sustainability. Future research may
explore parameter estimation from
real-world data and extend the model
to incorporate environmental
stressors such as climate change and
pollution.
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